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Abstract

This paper analyzes the Fourier model reduction (FMR) method from a rational Krylov projection framework and shows
how the FMR reduced model, which has guaranteed stability and a global error bound, can be computed in a numerically
efficient and robust manner. By monitoring the rank of the Krylov subspace that underlies the FMR model, the projection
framework also provides an improved criterion for determining the number of Fourier coefficients that are needed, and hence
the size of the resulting reduced-order model. The advantages of applying FMR in the rational Krylov projection framework

are demonstrated on a simple example.
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1 Introduction

Model reduction entails the systematic generation of
cost-efficient representations of large-scale systems that
result, for example, from discretization of partial differ-
ential equations (PDEs). Recent years have seen the de-
velopment of several reduction methods that are compu-
tationally tractable for large-scale systems. These meth-
ods have been applied in many different settings with
considerable success, including controls, fluid dynamics,
structural dynamics, and circuit design.

Algorithms such as optimal Hankel model reduction
[1,3,15,8] and balanced truncation [20,19] come with rig-
orous guarantees of quality and global error bounds on
the resulting reduced models. These methods are usu-
ally referred to as singular value decomposition (SVD)
or gramian-based model reduction methods. Despite
their appealing theoretical properties, the computa-
tional requirements associated with these methods make
them impractical for application to large-scale systems
of order 10° or higher. Several other methods have been
developed that are applicable to large-scale systems,
including Krylov-based methods [9,5,7], approximate
balanced truncation [11,17], and proper orthogonal de-
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composition (POD) [14,22,16]. In many cases, this latter
group of methods trades computational efficiency for a
lack of rigorous guarantees and global error bounds.

A lack of guarantees on the stability of the reduced model
is one problem often encountered when using Krylov-
or POD-based reduction methods. In particular, a ten-
dency of these methods to produce unstable models has
been noted for applications in computational fluid dy-
namics using the Euler equations [23]. For Krylov-based
reduction methods, different approaches have been pro-
posed to resolve the stability issue. The implicit restart
algorithm proposed by Grimme et al. [10] guarantees sta-
bility by removing the unstable reduced poles through
an implicitly restarted Lanczos algorithm. However, the
stability comes at the cost that the reduced model is no
longer an exact interpolant of the original model, but of
a near-by perturbed model. On the other hand, Fourier
model reduction (FMR) [23] of Willcox and Megretski
preserves stability by first performing a bilinear trans-
formation and then applying model reduction the in the
discrete-frequency domain via a truncated Fourier ex-
pansion. Similar to FMR, to guarantee stability, Least-
squares model reduction method [12] of Gugercin and
Antoulas uses a bilinear transformation. Then, model re-
duction is performed in discrete-time in a different way
by combining SVD and Krylov-based methods.

Despite its theoretical properties such as guaranteed sta-
bility and a global error bound, and its success in yield-
ing good reduced models [23], the underlying projec-
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tion framework and Krylov-based (interpolation) fea-
tures of FMR have gone unnoticed. This paper analyzes
the FMR method from a projection framework and
shows the underlying rational Krylov projection behind
FMR. Through this analysis, we illustrate the interpo-
lation and restricted optimal Hy properties of FMR;
and show how the FMR reduced model can be com-
puted in a numerically efficient and robust manner in a
Krylov-based model reduction setting. Moreover, a new,
more robust stopping criterion for FMR is proposed.

The remainder of the paper is organized as follows: In
Section 2, model reduction via projection is described.
In Section 3, a brief description of the FMR method
is presented. Interpolation and optimality properties of
the method are discussed in Section 4. Section 5 presents
the rational Krylov projection framework, and global er-
ror expressions and error bounds. Results for numerical
experiments are presented in Section 6.

2 Model Reduction via Projection

Consider a single-input/single-output (SISO) dynamical
system G(s) with transfer function

G(s) =h(sI - F)'g+7J, (1)

where F € R™™" g h” € R", and J € R. The goal of
model reduction, in this setting, is to produce a much
smaller order system G.,.(s) with transfer function

GT‘(S) = hT‘(SIT‘ - FT)_lgT’ + JT” (2)

where F,. € R™*", g hT € R", and J,. € R, such that the
reduced system G.,.(s) approximates G(s) well. In model
reduction via projection, G,(s) in (2) is obtained as

F,=WTFV, g. =W7g, h,=hV, and J, = J, (3)

where V € R™™" and W € R™™" with WV =1I,.. The
corresponding oblique projector is given by VW7, Since
J,. = J, without loss of generality, we assume that J = 0

2.1 Rational Krylov based model reduction

In model reduction by rational Krylov projection, the
goal is to find a reduced model G,(s) as in (2) and
(3) that interpolates G(s) and a certain number of its
derivatives (called moments) at selected points s in the
complex plane. In other words, the goal is to find the
reduced system matrices F,., g,, and h,. so that

(—1)! I G(s)
7! dsi

— h(s,L, - J)"0tg (4)

s=Ssy,

) 1) 47
= h,(s;I, — FT)—(J'FDgT — QM

4! dsi

fork=1,...,Kandforj=1,...,J where K and J de-
note, respectively, the number of interpolation points s,
and the number of moments to be matched at each sy.
The quantity h(s;I, — F)~U+Dg is the j*® moment of
G(s) at sg. If s, = 0o, the moments are called Markov
parameters and are given by hF/g for j = 0,1,2,....
Since the moments are extremely ill-conditioned to com-
pute, the goal in rational Krylov-based model reduction
is to find G, (s) that satisfies (4) without computing the
moments explicitly. Skelton et al. in [4,24] showed that
the matrices V and W chosen so that

Ran(V)=Im{(s;I - F)7'g,... (5,1 - F) Kig
(s =) lg L (s T F) " Eigl
Ran(W) =Im{(57I - F7)~'h”,... (551 - H")"f:hT,
oo, G =FD)7T L (G71— FT)~EnTy,

produce reduced-order models G, (s) via (3) matching
2K; moments of G(s) at the interpolation points s; for
i =1,...,J, i.e. Gy(s) interpolates G(s) and its first
2K; — 1 derivatives at each s;; hence matching the mo-
ments without ever computing them. Grimme [9] showed
how one can obtain the required matrices V and W as
above in a numerically efficient way using the rational
Krylov method of Ruhe [21], and hence showed how to
solve moment matching problem using Krylov projection
methods in an effective way.

3 Fourier Model Reduction

Given G (s) asin (1), let the n*I-order discrete-time sys-
tem

H(z) =c(zI-A)"'b+d

be obtained from G(s) via a bilinear transformation, i.e.

A= (weI + F)(woI —F)™', b= 12w (woI —F) g,
c =vV2woh(wI—-F)™' d =J+h(wl-F)'g,

where wy > 0. It is well known that

G(s):H(w0+s> or G<w02_1>=H(z). (5)

wo — 8 z+1

Let n; denote the Markov parameters of the discrete-
time system H(z),

no=d, and 7; = cA""'b, i > 1. (6)

FMR was proposed in [23] as an efficient method to
compute reduced models with guaranteed stability and
arigorous error bound. FMR uses discrete-time Fourier
coefficients to compute an intermediate discrete-time
reduced model, to which balanced truncation can be



subsequently applied using explicit formulae. The rth-
order intermediate reduced model H,(z) = c,.(zI, —
A,)~'b, +d is defined by

H,(2) = mz ", (7)
k=0

and has the form

A'r = [627 €3, - ae’r70]7
Cr = [7717 n2, - - '7777‘]7

br =el,
and d, = np, (8)

where e; denotes the i*" unit vector and 0 is a vector
of zeroes. If desired, a continuous-time reduced model
G, (s) can be obtained from H,.(z) by an inverse bilinear
transformation. As shown in [23], both the intermediate
discrete-time model H,.(z) and the final continuous-time
reduced model G(s) are stable. Moreover, let E(z) :=
H(z) — H,(z) be the discrete-time error system. Then,
2 i @ (20|
[ECNe < 55— [ [HO @) a0, )

where H(@ is the ¢ derivative of H (639) with respect
to 6.

For the rest of the paper, H(z) denotes the discrete-
time system in (5) obtained via bilinear transformation
of G(s). H,(z) denotes the intermediate reduced-order
model as in (7) and (8) obtained from H(z) via FMR.
Finally, G,(s) is final continuous-time reduced system
obtained via inverse bilinear transformation of H,(z).

4 Interpolation and Optimality Properties of
FMR and H3/Hoo error bounds

Lemma 1 H,(z) matches the firstr Markov parameters
of H(z). Hence, G, (s) interpolates the first r moments
of G(s) at s = wp.

Proof: The first part of the lemma follows from the
construction of H,.(z) in (7) and (8). The second part
follows from combining this result with (5) and by taking
successive derivatives of (5). O

Lemma 2 H,(z) is the r"-order optimal Hy approxi-
mation to H(z) among all models having all v poles lo-
cated at z = 0. In other words, define

- r—1 r—2 r—1
H(z):d+ﬁlz + Baz ; + Br_12 .

Then, H,(z) = argm(ir)l |H — H||7,.

The following theorem, slightly modified from [18,6], is
used in proving Lemma 2.

Theorem 3 [18,6] Given a stable discrete-time dynam-
ical H(z) = c(2I — A)~! +d, and a fized stable pole

A~ DY T71
deﬁne HT(Z) = d + ﬂo + ﬂlz + + ﬂ’r‘*lz
(z—a)"

is minimized if and only if
Ha

. Then

HH—PAIT

PH(z)  d'H,(2)
dzi dzl
Proof of Lemma 2: It follows from (8) that H,.(2) has
all of its poles located at z = 0. Hence, due to Theorem
3, what remains to show is that H,.(z) satisfies (10) for
z = oo. However, this is true as shown in Lemma 1;
H, (z) interpolates first » moments of H(z) at z = oo,

i.e. the first r Markov parameters. O

1
atzza, for j=0,...,r—1.(10)

Lemma 4 Given the above set-up,

oo

H(2) = B (2)lly, = D i (11)

i=r+1

Moreover, let A be diagonalizable and let A = UAU™! be
the eigenvalue decomposition with A = diag(A1, ..., Ay)-
Define ka = ||U||||[UY|| and pa = max; | \; |. Then

2r

P
[H(2) = Hy(2)l5, < llc|?[b]* x4 . A
Pa

(12)

Proof: (11) follows from the fact that by definition
of Hy(2) in (7), H(z) — He(2) = Y0,y mz". To
prove (12), first use the definition of 7; = cA*~'b in
(7) and note that |n;|> < [|c|?||b||?||A*"L||?. Plugging
A = UAU! into the last inequality and using ||A|| <
IUIIIAIU~Y| leads to the desired formula (12) after
realizing ||[A|| = pa < 1.0

Remark 5 Note that (11) is a global error expres-
sion, and does not involve reduced-order matrices. Since
p(A) < 1, for sufficiently large values of i, n? will de-
crease quickly. We note that even though (11) contains
an infinite sum, since n; = cA'"'b and pa < 1, it
is always bounded as shown in (12). This behavior is
similar to the decay of Hankel singular values and the
error bound (11) has a similar structure to that in the
balanced truncation framework. On the other hand, (12)
gives an a priori global error bound, which can be easily
computable for small-to-medium scale problems.

Corollary 6 Forq=1,2,...,

16(6) - €l < o [ [0 ()
T = 91(2¢ — 1) ’



where H@ is the ¢ derwative of H (639) with respect
to 6.

Proof: The result follows from combining (9) with
the fact that bilinear transformation preserves the Ho,
norm. U

Remark 7 If the derwatives H9 can be computed us-
ing some quadrature rule, then Corollary 6 provides a
computable Hoo error bound for the continuous-time er-
ror system.

5 Rational Krylov Projection Framework for
FMR

In this section, we analyze FMR from a (rational
Krylov) projection framework and derive an algo-
rithm that constructs H,.(z) in (8) from H(z) using a
Krylov-based algorithm without directly computing the
Markov parameters 7;. The motivation for this analysis
is twofold. First, in the case where the spectral radius of
A is close to unity, the Krylov-based approach provides
a numerically more robust way to compute the FMR
reduced model. Second, in [23] it was proposed that
magnitudes of the Markov parameters should be used
as a guidance to select r, the size of the FMR reduced
model. We will show that the Krylov approach provides
a better way to determine an appropriate value of r.

5.1 Projection matrices

To derive the rational Krylov framework for FMR, we
must construct matrices V. and W where V and/or W
span a Krylov subspace with W7V = I,. such that the
projections

A, =WTAV, b, =WTb, ¢, =cV (13)

yield the matrices in (8). Since H,(z) matches the first
r Markov parameters of H(z), it follows that the matrix
V is given by

V = [b, Ab, A%b, ..., A" b]. (14)

Eq. (14) shows that V spans a regular Krylov subspace,
hence reflecting the underlying Krylov projection frame-
work for FMR. Next, we need to determine W. Let W
be any left inverse of V. Since WV = 1., one has

(WTb, WI'Ab, WIA%b, ..., WA 'b] =1,,

or equivalently WTA*~"'b = e;, i = 1,...,r. For this
selection of W, the resulting reduced system matrices
are given by

A, =WTAV = WT[Ab, A%b, ..., A"b]

= [627 €3,...,€p, WTATbL (15)
b,=W™b=e;, and ¢, =cV = [, 02, ...,n].(16)

As can be seen from (16), b, and ¢, are already in the
desired form (8) for any left inverse W of V. Also, (15)
shows that the first » — 1 columns of A, have the desired
form. In order to achieve the appropriate last column of
A, asin (8), we require W to satisfy

W'V =1 and W'A"b=0.
The following lemma specifies this selection of W:

Lemma 8 Let 'V be as given in (14). Moreover, let

(17)

r - R1X
[V Ab]_[Ql QQ][O a]

be the QR-decomposition of [V A"b], i.e. QTQ, = 1,,
alaz = 1, QTqz = 0, and Ry is an upper-triangular
matriz. Then, using

W= (Qi - ~ax" )R, (18)

together with 'V in the projection (13) yields the desired
reduced-order matrices in (8).

Proof: If we only required W to be a left inverse of V, a
straightforward choice would be WT = R QY. How-
ever, to force the additional constraint W7A™b = 0,
this selection must be modified so that the left inverse
property still holds with the additional property that
Ab is in the kernel of W7, To achieve this, one needs
to use the QR-~decomposition of the appended matrix
[V A"b]. From (17), a potential selection is of the form

W' =R Q] +za]). (19)

We observe that this selection still satisfies W7V = 0.
So, what is left is to find the appropriate z so that
WTA™b = 0. It follows from (17) that A”b = Qix +
qza. Plugging this expression, together with W7 as in
(19), into the equation WTA™b = 0 and solving for z

yields the solution z = ——x. Finally, using this selec-

a
tion of z in (19) completes the proof. O

Remark 9 The formulation in Lemma 8 puts FMR
into a rational Krylov projection framework: one simply
uses an Arnoldi-type algorithm to compute an orthogo-
nal basis for [V A"b] = [b, Ab, Ab, ..., A"b], which
spans a Krylov subspace. Even though the required sub-
space is a reqular Krylov subspace in terms of the discrete-
time matrices, it is a rational Krylov subspace in terms
of the original continuous-time matrices. However, only
one shift has been used, and hence only one sparse decom-
position is required. Hence, this formulation of FMR. can
be implemented in a numerically effective way. As noted
above, direct computation of the Markov parameters is
avotded.



Remark 10 In a systems theoretical setting, going from
H(z) to H,(z) amounts to direct truncation of the con-
trollable canonical form of H(z). Let Q be the full control-
lability matriz for H(z), i.e. @ = [b, Ab, ..., A"~ !b].
Then, the projection (18) amounts to choosing V as the
first r columns of @ and W7 as the first r rows of Q1.

5.2 Computational implementation

Even though the above analysis puts FMR into Krylov
projection framework, it uses the power basis V explic-
itly, which is numerically ill-conditioned. Here, we will
resolve this issue and show how to avoid explicit com-
putation of V while still obtaining the quantities Rq, x
and « that result from the QR-decomposition of V as
defined in (17).

One can show that

A[V Arb] = [V xArb][eg7 €3 ...€pr41, hr+1]
+ ferT-Ha (20)

where h, 1 and f are vectors of appropriate size. Based
on (17) and (20), we make the following definitions:

R1 X
Q:=[Q: q2], R:= l 1
0 «
H:=[es, e5...€e.41, hyyq]. (21)

Therefore, (20) becomes AQR = QRH + fe! ;. Mul-
tiplying this expression by R™! from right, we obtain

AQ=QRHR ' +fel ,R7!, 22
2 +1 (22)
=H i=feT
. r+1
ie. AQ=QH +fel,,. (23)

Eq. (23) is precisely what one would obtain if 7 + 1 steps
of the Arnoldi algorithm were run on A and b. This is
done without explicitly forming the powers of A. How-
ever, to obtain the desired matrix W in (18), we need to
extract R from H. Because of the specific upper Hes-

senberg structures of H and H, this can be done as fol-
lows. Note that, by definition,

HR = RH. (24)

Let h;;j and p;; denote the (i,7)™ entry of H and R,
respectively. Also, let ﬁj and r; denote, respectively,
the j* columns of H and R. r; is explicitly known:
r; = ||b|le1 (hence, p11 = ||b]|). Multiplying (24) with
e; from the left yields pnfll = ry; hence, the sec-
ond column of R is obtained. Then, similarly, multipli-
cation by e yields rs, and so on. Continuing in this way,

one extracts R from H iteratively without forming V
as desired. This approach of obtaining R is numerically
efficient since it only requires r matrix-vector multipli-
cations with the small matrix H € R(Ttl)x(rﬂ). More-
over, the vector multiplying the matrix H at the k" step
has only k non-zero entries. Upon completion of the it-
erative process, one can construct the required reduced
model by re-defining V and W as

1
V=Q and W=Q; - EQ2XT7 (25)

without forming the power basis. The resulting reduced-
model will have the same transfer function H,.(z) as in
(7) as desired and be only a similarity transformation
away from the state-space matrices in (8). (25) completes
the effective numerical computation of FMR. through
rational Krylov projection. As explained above, this is
achieved by first running r+1 steps of Arnoldi algorithm
on A and b, then extracting R from the Arnoldi basis
and finally reducing the system via projection using V
and W in (25).

5.8 A stopping criterion for FMR

Ref. [23] proposed that magnitudes of the Markov pa-
rameters should be used as a guidance to select r, the
size of the FMR reduced model. Even though this ap-
proach works effectively for the cases where the magni-
tudes of the Markov parameters 7; decrease rapidly, it
might lead to unnecessarily large reduced-order dimen-
sion r when the 7); decrease very slowly. This can be
explained by observing that even if the magnitudes of
the Markov parameters are not decreasing, the Krylov
subspace V underlying FMR will not necessarily carry
new information with the addition of another column;
in other words, even though the 7; are not decreasing,
it is possible that the Krylov subspace V is almost rank
deficient and another column does not bring any new
information.

The new Krylov-based formulation of FMR provides an
easy and more effective way to determine an appropri-
ate value of r. We will simply monitor the rank of V and
will use this information as a stopping criterion without
computing V. There are two possible ways to achieve
this goal. The first one is simply to use the diagonal en-
tries of R as a measure for the rank deficiency of V.
Note that R is obtained iteratively at each step. Once
R(1,1)
R(k, k)
deduce that V is rank deficient and the reduced model
will not be improved with an additional step since no
new information will be added to V. The second way is
to monitor the condition number of V, which is equal
to the condition number of R, by computing the singu-
lar value decomposition of R and examining the ratio

the ratio drops under certain tolerance, one can
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one can terminate the algorithm. We note that at the
k'™ step, R has dimension k x k, where k is small; hence
SVD of R is cheap. However, one still does not need to
re-compute the SVD of R at each step. The SVD of R
at the (k4 1)™ step can be effectively updated using the
SVD of R from the k' step since each step corresponds
adding one column to R; see, for example, [13].

6 Numerical Example

In this section, we illustrate the concepts of Section 5
by a numerical example. The full-order model we use
describes the dynamics between the lens actuator and
the radial arm position of a portable CD player; it has
120 states, i.e., n=120, with a single input and a single
output. For more details on this system, see [2,9].

We apply the original formulation of FMR and the new
rational Krylov formulation, denoted by RK-FMR,
with the frequency wg = 300 rad/sec and reduce the or-
der to k = 1 : 20. The results are shown in Figures 1-(a)

and 1-(b). Fig. 1-(a) depicts how the two ratios géi}c;
o1(V)

and (V) evolve as k increases. The figure reveals that
R(1,1)
R(k,k)
tion number quite well. Moreover, even for k = 20, the
Krylov subspace V is full-rank, which, in turn, implies
that every iteration step brings in new information. This
can also be seen in Fig. 1-(b) which shows that the Ho
error is reduced after each step, i.e. the reduced model
is improved at each step. On the other hand, as Fig.
1-(b) illustrates, RK-FMR produces the same result
as FMR without explicit moment computation.

follows the behavior of the true condi-

the ratio

For the second case, we apply FMR and RK-FMR

with the frequency wg = 1.5 rad/sec and reduce the or-

der to K = 1 : 20 as above. The evolution of g((ig and

Zi%;, and the relative H,, error are depicted in Fig-

ures 2-(a) and (b), respectively. As Fig. 2-(a) illustrates,
for this choice of wp, the Krylov subspace V becomes

numerically rank deficient after a small number of itera-
tions. Once more, the ratio g((;g predicts the behavior

of true condition number well. We set a tolerance value
as € = 10719 and terminate RK-FMR once géi}c; is

below ¢; this is the reason why the graph of 3&3 stays

constant after k& = 9 (since no more steps are taken in
RK-FMR). However, as Fig 2-(b) reveals there is al-
most no loss of accuracy in terms of the H,, norm of
the error. Since V becomes almost rank-deficient, run-
ning FMR after £k = 9 barely improves the quality of
the resulting error system. As can be seen from Fig. 2-
(b), with k¥ = 9, RK-FMR yields a relative Ho, error
of 0.9997, while FMR with k£ = 20 results in 0.9995.
This indicates that, as expected from the conditioning
of the Krylov subspace V, almost no improvement has
occurred despite increasing the reduced model size from
k=9 to k= 20.

(a) = Numerical rank of V
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Fig. 2. FMR vs Krylov-FMR for wg = 1.5

Finally, we examine if the behavior of V for the second
case, i.e. for wg = 1.5, can be recovered from inspecting
the Markov parameters n; of H(z); in other words, we
examine if magnitudes of 7; would be a reasonable stop-
ping criterion. Figure 3 plots the Markov parameters 7;
of H(z) for wp = 1.5 and shows that the n; do not decay
at all; on the contrary, they grow even until £ = 40. This
means that a stopping criterion based on the decay of 7
will yield unnecessarily large reduced order, even though
this does not improve the quality of the reduced-order
model as shown in Fig. 2-(b) above. Hence, the Krylov-
based stopping criterion is more appropriate and numer-
ically effective for FMR. Moreover, monitoring the rank
of V as done in RK-FMR can also be used to deter-
mine if the choice of wy is poor at a much earlier stage.
In this case, simply looking at the H, error behavior in
Fig. 2-(b) and the decay of n; in Fig. 3, one might decide
to continue the FMR steps expecting that the error will



decay. However, monitoring Zi %; as in Fig. 2-(a) reveals

that the subspace has become rank-deficient, and that
the next step will not bring in new information; hence
one should choose a different frequency wy.

| n, | of H(z) for W, = 1.5
0.035 . . T T T ! !

0.03

0.025-

0.021

In,|

0.0151

0.011

0.005r

Fig. 3. FMR vs Krylov-FMR for wo = 1.5

7 Conclusions

In this note, we have developed the rational Krylov pro-
jection framework for FMR, and introduced its inter-
polation and optimality properties. A numerically effi-
cient Krylov-based setting has been illustrated to per-
form FMR and a new, more robust stopping criterion
has been proposed.
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