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Abstract—In this note, we examine Krylov-based model reduction. Numerical examples are given to illustrate and
reduction of second order systems where proportional damp- support the analysis.
ing is used to model energy dissipation. We give a detailed
analysis of the distribution of system poles, and then, thragh Il. MODAL DAMPING
a connection with potential theory, we are able to exploit
the structure of these poles to obtain an optimal single  Consider the forced vibration of andegree—of—freedom
shift strategy used in rational Krylov model reduction. We  mechanical structure modeled as
show that unlike the general case that requires usage of a
second-order Krylov subspace structure, one can build up Mx + Gx + Kx = bu(t) 3)
approximating subspaces satisfying all required conditias
much more cheaply as direct sums of standard rational Krylov  where M and K are positive definite symmetric matrices
subspaces within the smaller component subspaces. Numeaic  describing, respectively, mass and stiffness distrilmstio

examples are provided to illustrate and support the analys. throughout the structure. The matr® describes energy

I. INTRODUCTION loss due to internal damping or fluid viscosity ant) is
In this paper, we examine the model reduction problert time-dependent force applied along degrees-of-freedom
for second-order dynamical systems of the form specified inb. Typically M andK are fairly well specified

i ) from an analytical model of the structure b@Gt is poorly
Mx(t) + Gx(t) + Kx(t) = Bu(t) (1) determined by such means. Qualitative modeling of energy
y(t) = Cx() dissipation in the structure leads naturally to the assiompt
whereM, G, K € R™", B € R*™™ andC < RP*". In thatG is positive definite and symmetric as well. “Modal
(1), x(t) € R™ is the state vectom(t) € R™ is the input damping” assumes that the damped and undamped spatial
force andy(t) € R is the output (measurements). Secondnodes are the same and amount to the assumption that
order systems of the form (1) arise naturally in the analysi& IS Simultaneously diagonalized by the same congruence
and modeling of structural vibration, electrical circyignd ~ transformation that simultaneously diagonali2dsand K.
micro-electro-mechanical systems; see, for example, [1dndeed K andM may be simultaneously diagonalized with
[22], [27], [9], [10], [20], [4], and references therein. a nonsingular congruence transformation:
In many cases, Fhe or_iginal system dimensiofis too XTKX — diagw?) and XTMX = I
large for efficient simulation and control purposes. There-
fore, the goal is to generate, for some< n, anrt order for some nonsingulaK = [x, xa, ...x,] wherex, is an

reduced second-order system of the form eigenvectoKx, = wZMx;.
M, %, (t) + G %, (t) + K;x,(t) = B,u(t) We assume then that the damping matixs also diag-
ye(t) = Cx.(t) (2)  onalized byX: XTGX = diag(2¢,w), where a different

damping ratiog, could (in principle) be specified for each
whereM,, G, K, € R”", B, e R"”*™ andC, e R"”"" ; _ 1 ", This flexibility in specifying damping ratios
so thaty, (¢) approximates () for a wide range of inputs s captured for us through a damping functiaiz), that
u(t). _ is real analytic on the positive halfline and such that for
We concentrate on a special case, namely second-ordgg| » > 0, g(z) > 0. One can arrange in particular that
systems with proportional damping: the damping magix g(w?) = 2¢,w, or more generally that
is given byG = aM + BK for some choice of positive
a and§ with aff < 1. We give a detailed analysis of the G = MX diagg(w))X"™™M =M g(M™'K)
pole locations for such a system. We then review Krylov-
based reduction and show that the specific structure . . .
amping) org(z) = « + Bz (proportional damping).

the problem allows one to use regular first-order Krylov X di i th drati i ated with (3):
subspaces in the reduction step. Based on the pole distribu- lagonalizes the quadratic pencil associated with (3):

tion, we propose an optimal single shift method for Krylov xT (AM + \G + K) X = diag \? + A\g(w?) +w?)
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for somew = wy. That is, of Krylov-based model reduction is to find a reduced-order
) 2 dynamical systenH,.(s) by projecting (7) in such a way
\ = _9(W?) + (9(“’ )> w2, that H,.(s) interpolatesH(s) as well as a certain number
2 2 of its derivatives (‘moments’) at selected pointg in the
Damped eigenvalues will have nontrivial imaginary part§omplex pIane,T|.e., choose matrickse R™*" and % €
(producing oscillatory modes) when the discriminant iR~ S0 thatV" % =1, and
negative, which happens precisely foiin the range deter-

T . _ T T
mined by{w | g(w?) < 2w }. For suchw, A evidently can &y qar(t) = Wq(t) tZ B u(t)
be written as E. A, B. @)
2
N ICS NN (M) yve(t) = &V ()
2 2 e.
and immediately one has that for any real and
2 2 2 2
AN+p> = <p— %) + <w2 - (#) ) d"H(s) _ d’H,(s)
dsi s—or T dsd s—oy
= PP —pg(w?) +w (4)
. . . o fork =1,...,K and forj = 0,...,J — 1. Here K
In pa_rt|cular,|)\| = w, independent of the choice ofdampmgiS the number of interpolation points; and J is the
function, g(2). number of moments to be matched at eaghThis problem

Proposition 1:In the case of proportional damping, alljs sometimes called multi-point rational interpolation by
damped eigenvalues with nontrivial imaginary parts lie 5 giection. In a projection framework, this problem wastfirs

on a circle centered at 5 with radius 5=, treated by Skeltoret. al. in [11], [29], [28]. Grimme [17]
PROOF: Eigenvalues _W'" have n02ntr|V|aI Imaginary partsshowed how one can obtain the required projection in a
whenw is in the range{w | a + fuw® < 2w}, i. e, numerically efficient way using the rational Krylov method
1 1 of Ruhe [23].
E(l_vl_aﬂ)<w<ﬁ(1+vl_aﬂ)' () For a matrix¥ € CV*¥, a vectorg € CV, and a point
. : € C, define the Krylov space (of generic dimensig
Settingp = % in (4) we see thaf\ + £|* = I*F‘;‘ﬁ. m ? ylov space (of g N
Notice that the circle containing eigenvalues associated K(F,g) = spar g, Fg, Fg ... H,J_1g}

with oscillatory modes depends only on the damping param-

etersa and$ and is independent &I andK. However the  The following theorem, presented in [17], connects multi-
distribution Of damped eigenvalues around th|s CirCle W|Ib0|nt rationa' interpo|ati0n W|th Krylov projections:
depend oM andK, and, in particular, on the distribution  Theorem 1:1f V and % satisfy vz = 1,

of the undamped frequencies;. Indeed, we can write the

damped eigenvalues associated with oscillatory modes as Ran(V) = span{K(F1,g1), - - -, K(Fx,gx)}, and

_ 1 Vl_aﬁ 20 Rar(Z) :Span{g{(?K+l7gK+1)a"' 7K(52K7g2K)}a
A= —B + T e, (6)
wheref depends on an undamped frequency for
_ _ 2 (5. & _ -1 (& _ -1
cos(B(w)) = 2 —af — (Bw) Fi=(€E-A)TE, g =(E-A B,
2y/1—ap fori=1,....K
[1l. KRYLOV-BASED MODEL REDUCTION Fi=(0,€-—A)TET, gi=(0;€-A)TeT,
Consider the following single-input/single-output limea fori=K+1,...,2K
time-invariant dynamical systeM (s) in generalized state-
space form: then the reduced order modHl, (s) given in (8) has order
. JK and matches/ moments ofH(s) at each of theK
Eqt) = Aq(t Bult . . . .
H(s) : { ;Et; _ 628 +Bu(t) (7) interpolation pointsry, k = 1,...,2K: H,(s) interpolates

H(s) and its firstJ — 1 derivatives at eachy.
where £, A € RV*Y and B,@" < R”. The transfer As a consequence of this result, Krylov-based model reduc-
function of (7) is given by tion requires selection of suitable interpolation pointsl a
1 then construction of matricé8 andZ as above. Efficient
H(s) =€(s& -~ A" B. implementation is discussed in [17]. For more details on
(Note that both the underlying dynamical system and itKrylov based model reduction, see [14], [15], [17], [19],
transfer function are denoted by the salés).) The goal [1], [16], [2].



A. Second-order systems with proportional damping Krylov-based model reduction can be done directly in the

Consider now Krylov-based model reduction of a singleSecond-order system framework using usual only a one-
input/single-output second-order system where propuatio St2ge Krylov recurrence (™).

order system of the form a second-order system framework (9), moment matching is

best discussed in a first-order system framework (10). In

Mx(t) + (M + FK)x(t) + Kx(t) = Bu(?), (9) order to match the first moments of (10) ab (which are

y(t) = Cx(1), same as those of (9)), then due to Theorem 1 one needs to
whereM, K € R™", B, CT € R" anda, 3 are propor- construct the Krylov subspace:
tional damping coefficients with, 5 > 0 andag < 1. Let B . -1
q(t) = [ zT(t) 2T(t) ]T. Then, a generalized state-space V= span{g, Fg, -, g} (18)
realization of the corresponding first-order linearizeddelo where
is given by
i F=(0E&E-A)'€ and g=(c€-A)"'B. (19
€q=Aq(t) + Bu(t), y(t)=Cq(t) (10)
h and €, A and B are as given in (11) and (12). Next, we
where state the main result of this section:
_| 1 0 _ 0 I Theorem 2:For the linearized first-order system frame-
e , A (11) i .
0 M -K —-aM-pK work (10)—(12), the associated Krylov subspatelefined
B_ [ ](; } and €@ — [ c o ] (12) 23(18), that induces interpolation atmay be decomposed

The transfer function of this system is given by VCWwow (20)
H(s) = C(*M + sG + K) !B = €(s& — A)"'B. (13) Where W = K(K;'M, K;'B) with K, = o>M +

. o(aM + fK) + K.
To obtain a reduced-order model that matches the momentsHenCE), one can apply model reduction directly in the

of the original model (10) ab, one can use Theorem 1 gocond-order system framework as in (16-17) using an
to specify V and Z and obtain a reduced model as Ny thonormal basis folw: RanW) = W and WIW =

(8). However, this reduction is within the first-order syste I,. The resulting second-order system match@soments
framework and m_|ght_ destroy the original _second-ord_eéf the full-order model (9) at the interpolation point
system structure: it wil not always be possible to obtaifqreover. if M and K are symmetric an® = C7, then

a reduced-order system corresponding to a second-orqgg reduc,ed—order model matchs moments atr. ’

system of the form (9). Even when this is possible, ongyg gecomposition in (20) corresponds to the separation of

typically cannot guarantee that properties such as peSitinegrees of freedom into displacement componentnd
definite reduced-order mass and stiffness matrices, will %Iocity components.

preserved. Alternatively, one may apply reduction disectl
in the second-order system framework, i.e. find a matri
W € R™" such thatWTW = I, and such that the

PROOF. We only sketch the proof here: The first vector
?‘equired to specify the Krylov subspatkeis

. _ . 71
associated reduced-order model given by g = (0 — A) 1B = [ Jﬁzlg } . 21)
M, %, (t) + G, %, (t) + Kox,.(t) = Bu(t) (14) 7
yr(t) = Cpx,.(t) (15) and K;!B € W. Now we follow an induction argument.
v .
with Letv = { V; be such that, v, are in a Krylov space
M. = WIMW. G. = WIGW (16) of orderp > 1 generated byK;'M on the starting vector

K !'B. Consider the outcome of = (c€ — A)~"1Ev.
Elementary manipulations yield
satisfies the desired interpolation conditions. See [4], [6 ) [ 1 } { k1vi + koK My + k3K My,
[26], [3], [8], [9], [13] for some recent work towards Vv = = 71 71

; K4V1 + l€5KU Mv, + HGKU Mv,
these goals. It was shown in [4], [3] that Krylov-based
model reduction can be done directly in the second-ord&herex;, i = 1,...,6 are constants which depends Gn
system framework as in (14-17) above by introducing the ando. Thusvy, vy are in a Krylov space of order+ 1
so-calledsecond-order Krylov subspacasdsecond-order generated byK; M on the starting vectoK; 'B.
Arnoldi procedure These methods use in effect, a two- The second part of the theorem, i.e., the moment match-
stage recurrence iR" to generate the effect of the usualing part, follows from the facts that the second-order
one-stage Krylov recurrence iR*". In the sequel, we reduction in (16)-(17) usingV of with Ran(W) = W
will observe that in special case of proportional dampingamounts to reducing the first-order matricds €, B, and

K, =WT'KW,B, = W'B, and C, =CW (17)

Vo



Cwithv =2 = { w0 } If M andK are symmetric, 2= —7100.1f v(2—057) > o (so that‘% - ’Y‘ < Yizal)

0 W . . B
then the image; (), of all complex eigenvalues will lie on
_ T
andB = C*, the number of moments matched doubles. a single circle within the unit disk:

Remark 1:The main difference from the results of [3],

[4] is that in the particular case of proportional dampitngg t ) - a — B2 2yl —-afBy
decomposition of the Krylov subspace needed for moment a+2y+ 672 a+2y+ 692

matching as shown in (20) allows the problem to be resolved — ) o o )

concept of second-order Krylov subspace is not required. iug [1—\/aB
disk and has radiu g Hence, for the case where

. _ H H 1 @
Remgrk 2.1 o = 0, the solution strategy requires the pole distribution of the proportionally damped second-
computing a basis for

order system corresponds to an exact condenser distributio

W =spafK™'B, ---, (K"'M)"'K~'B} centered at-4 and with radius¥-52,
On the other hand, i& = oo, then o — /g (22)
W=spa{M !B, ---, M 'K)""'M~'B} B
Remark 3:Results can be naturally extended to the caswill be the optimal single interpolation for a Krylov based
where multiple interpolation points;, i = 1,---,k are model reduction. Even when the distribution of poles is

chosen. In this cas@V should span the union of the Krylov not an exact condenser distribution, they still lie on the
subspaces corresponding to each interpolation pgint same circle and this shift choice is expected to being close
to optimal. Examples below show that this is indeed the
case. Note that computation ef requires onlya and g,
Based on the pole distribution of second-order systemghich are design parameters. Perhaps most significangly, th

with proportional damping, we propose a (optimal) shificorresponding Krylov-based reduction will require onlyeon
selection strategy for Krylov-based model reduction ofrsuclinear solve.
systems.

yAS discussed in [5], ideal interpolation points (the rasibn A. A second-order system with exact condenser distribution
Krylov shifts) are chosen to be reflections of eigenvalues We can produce matricéd andK such that the second-
across the imaginary axis. Any configuration of shifts thaorder system with proportional damping (9) has exact
will produce minimalH ., error must force the difference of condenser pole distributioand thereforer, = \/% will
the true and reduced order transfer function to be constagé g true optimal shift.

or nearly so along the imaginary axis. This can be done by pick , 3 € (0,1) and consider the matrix pair defined
forcing interpolation points to be symmetrically distried  py

across the imaginary axis with respect to system poles.

IV. SHIFT SELECTION

There is an electrostatic analogy in this analysis that as- % ‘i};ﬁ -1 0
sociates both the system poles and the system interpolation -1 ﬁaﬁ
points with point charges (but of opposite sign) and the rate i
of error reduction then is related to the potential diffexen K=2 0 N 0
generated by the charge configuration. A key feature of the : 2 1
optimal shift distrubution is that the imaginary axis must b 1-af o /T=aP
an equipotential. L 0 -1 “Vi—aB
In some cases, indeed in many problems arising in [ 2+v1—0aB 1 0 i
technical mechanics, the distribution of eigenvalues and 11“5 2
the ideally paired interpolation points will often come yer 1-af
close to an “equilibrium charge distribution” over the twin M = 0 0
circles on which the eigenvalues are constrained to lie and . 9 1
the interpolation points are induced to lie. The configurati ' T—af
of interpolation points can be viewed as a distributed oharg i 0 1 % 3:;5
distribution and be effectively replaced with a single shif .
(that is, a single “equivalent charge”) at which succesgive ' "¢ €igenvalues of the pendilx = w*Mx are
higher moments are then matched. A —7a (2471 )
For~y > 0, consider Wk = (3) Lo Vi abeos (g
() = Z47 s 1+v1l—-«a cos(gf;jrllﬂ')
=0 It follows from this last expression that poles of a second-

¢(z) maps the left half plane to the interior of the unit disk;order dynamical system with mass math4 and stiffness
the imaginary axis onto the unit circle; and maps the poinhatrix K as above, with dampingx = oM + K will



correspond to an exact condenser distribution, and henBe A 1-D Beam Model
o as in (22) will be the corresponding optimal single shift

for Krylov-based model reduction. The full-order model represents the second-order dynam-

ics of a 1-D beam with state-space dimensiddsK €
V. EXAMPLES R290%200 Damping is modeled as a proportional damping

A. Exact Condenser Distribution with coefficientsa = 1/10 and 8 = 1/500. Input is

For this exampleM and K matrices are chosen asa point force applied to the state(1) and the output
in Section IV-A, and therefore, the resulting second-ordés the displacements at(200). We reduce the order to
system with proportional damping has an exact condenser= 5, 10,15 using Krylov projection with a single shift.
pole distribution. Damping parametesisand 3 are chosen From our analysis, we expect the optimal shift todie=
asa = (@ = 0.05. Distribution of the system poles is % = 7.0711. Figure 3 below shows th#/ ., norm of the

depicted in Figure 1. Input and output matrices Be=  resulting error system as the interpolation peintaries. A
C" =100 --- 0]". Order of the system i& = 2000 closer examination of the figure illustrates that the obeserv
and we reduce the order to = 30 using a single shift. single optimal shift is around.1 which is very close to our
We vary the shift betweefi and 10%, and plotH., norm  estimation7.07. The small difference is due to deviation
of the resulting error systems vs the interpolation point§om the condenser pole distribution as shown in Figure 4.
in Figure 2. As the figure clearly indicates, as expected

o« = \/a/f =1 is the optimal shift.
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VI. CONCLUSIONS

[29]

We have studied Krylov-based model reduction of
second-order dynamical systems with proportional damyeo]
ing. We showed the specific damping structures allows
one to apply Krylov-based model reduction directly in the
second-order framework usinggular first-order Krylov
subspace iterations. Moreover, based on a detailed agaly@!
of the pole locations for these systems, we are able to
provide an optimal or near optimal single shift selection fo[22]

the Krylov reduction. Numerical examples have illustrate
the effectiveness of the proposed shift selection.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

El

[10]
[11]
(12]

(23]

[14]

(18]

[16]

[17]

(18]

REFERENCES

A. C. Antoulas, D. C. Sorensen, and S. Gugerci,survey of
model reduction methods for large scale systesntemporary
Mathematics, AMS Publication280: 193-219, 2001.

A.C. Antoulas, Lectures on the approximation of linear dynamical
systemsAdvances in Design and Control, Draft, SIAM, Philadelphia
2004.

Z. Bai and Y. Su,Dimension reduction of second order dynamical
systems via a second-order Arnoldi methéa appear in SIAM J.
Sci. Comp., 2005.

?23]

[24]

[25]

[26]

Z. Bai, Krylov subspace techniques for reduced-order modeling of27]

large-scale dynamical systemfpplied Numerical Mathematics, Vol.
43, pp. 9-44, 2002.

C. A. Beattie, Projection Methods for Reduced Order Modeling,
SIAM Conference on Computational Science and Engineef@g,
lando, February 12-15, 2005

A. Bunse-Gerstner, B. Salimbahrami, R. Grotmaack, Bhrhann,
Existence and computation of second order reduced systsing u
Krylov subspace methodBroc. of 16th Symp. on the Mathematical
Theory of Networks and Systems, Leuven, Belgium, July 2004.
A.E. Bryson and A. Carrier,Second-order algorithm for optimal
model order reductionJ. Guidance Contr. Dynam., pp-887-892, 1990
Y. Chahlaoui, D. Lemonnier, A. Vandendorpe, P. Van Dopf&econd
order balanced truncationto appear in Linear Algebra and Its
Application, 2005.

Y. Chahlaoui, K.A. Gallivan, A. Vandendorpe, P. Van Deor
Model reduction of second-order systents P. Benner, G. Golub,
V. Mehrmann, and D. Sorensen, editors, Dimension Reduation
Large-Scale Systems, Springer-Verlag, Lecture Notes imiln
tational Science and Engineering, Vol. 45 (ISBN 3-540-Z46%
Berlin/Heidelberg, Germany, 2005.

R.R. Craig Jr.,Structral dynamics: An introduction to computer
methods John Wiley & Sons, 1981.

C. De Villemagne and R. SkeltoModel reduction using a projection
formulation International Jour. of Control, Vo#0, 2141-2169, 1987.
Ewins, D. J.,Modal Testing: Theory and Practic&kesearch Studies
Press, Hertfordshire and John Wiley & Sons, New York, 1984.
R.W. Freund, Padé typ model reduction of second-order and
higher-order linear dynamical system#n P. Benner, G. Golub,
V. Mehrmann, and D. Sorensen, editors, Dimension Reduation
Large-Scale Systems, Springer-Verlag, Lecture Notes imgln
tational Science and Engineering, Vol. 45 (ISBN 3-540-Z46%
Berlin/Heidelberg, Germany, 2005.

K. Gallivan, E. Grimme, and P. Van Doore rational Lanczos
algorithm for model reductionNumerical Algorithms, 2(1-2):33-63,
April 1996.

K. Gallivan, P. Van Dooren, and E. Grimm&n some recent
developments in projection-based model reductionENUMATH
97 (Heidelberg), World Sci. Publishing, River Edge, NJ, 89@p.
98-113, 1998.

K. Gallivan, A. Vandendorpe, and P. Van Doorévipdel reduction
via truncation: An interpolation point of viewLinear Algebra and
Its Applications, Vol. 375, pp. 115-134, 2003.

E.J. GrimmeKrylov Projection Methods for Model ReductioRh.D.
Thesis, ECE Dept., U. of lllinois, Urbana-Champaign, 1997.

S. Gugercin and A. C. Antoulasd comparative study of 7 model
reduction algorithms Proceedings of the 39th IEEE Conference on
Decision and Control, Sydney, Australia, December 2000.

(28]

[29]

S. Gugercin,Projection methods for model reduction of large-scale
dynamical systemd$>h.D. Dissertation, ECE Dept., Rice University,
December 2002.

J.G. Korvink and E.B. RudyniQberwolfach Benchmark Collectipn
In P. Benner, G. Golub, V. Mehrmann, and D. Sorensen, edifirs
mension Reduction of Large-Scale Systems, Springer<yetlacture
Notes in Computational Science and Engineering, Vol. 4BNS3-
540-24545-6) Berlin/Heidelberg, Germany, 2005.

D. Meyer and S. SrinivasarBalancing and model reduction for
second order form linear systemdEEE. Trans. Auto. Contr., Vol.
41, Issue 1, pp. 1632-1644, 1996.

A. Preumont,Vibration Control of Active StructureKluwer Aca-
demic Publishers, Dordrecht, 1997.

A. Ruhe, Rational Krylov algorithms for nonsymmetric eigenvalue
problems II: matrix pairs Linear Alg. Appl.,197:283-295, (1994).
D.C. Sorensen and A.C. Antoula®n model reduction of structured
systemsIn P. Benner, G. Golub, V. Mehrmann, and D. Sorensen,
editors, Dimension Reduction of Large-Scale Systems,n§eri
Verlag, Lecture Notes in Computational Science and Enginge
\ol. 45 (ISBN 3-540-24545-6) Berlin/Heidelberg, Germagg05.
T.-J. Su, R.R. Craig Jr., Model reduction and control figiible
structures using Krylov vectors, J. Guid. Control Dyn., .\b4, pp.
260-267, 1991.

A. Vandendorpe, P. Van Doorefrylov techniques for model re-
duction of second order systenist. Report, CESAME TR07-2004,
Universite Catholique de Louvain, Louvain-la-Neuve, 2004

W. Weaver and P. JohnstoStructral dynamcis by finite elements
Prentice Hall, Upper Saddle River, 1987.

A. Yousouff, D. A. Wagie, and R. E. Skeltoriinear system ap-
proximation via covariance equivalent realizatioriddurnal of Math.
Anal. and App., Vol.196, 91-115, 1985.

A. Yousouff and R.E. SkeltonCovariance equivalent realizations
with applications to model reduction of large-scale systern
Control and Dynamic Systems, C.T. Leondes ed., AcademissPre
vol. 22, pp. 273-348, 1985.



