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Abstract—We investigate the use of inexact solves in a Il. KRYLOV-BASED MODEL REDUCTION

Krylov-based model reduction setting and present the resulting . . . . r
perturbation effects on the underlying model reduction prob- Given a set of interpolation pointss; };_,, Krylov-based

lem. We show that for agood selection of interpolation points, Model reduction requires solving the linear systemd —
Krylov-based model reduction is robust with respect to the A)x; = b, and(c;I-AT)y; =cforj=1,...,r and com-
perturbations due to inexact solves. On the other hand, when puting orthogonal bases for the subspaces &pan - - , x,.}

the interpolation points are poorly selected, these perturbations o . ; .
are magnified through the model reduction process. Finally, and spafy, » yr}. Define the Krylov matrices:
we incorporate inexact solves for the Krylov-based optimal Ki = [x1, - %]
‘H2 approximation. The result is an effective optimal model ’ fi .
reduction algorithm applicable in realistic large-scale settings. = [(I-A)""b, -+, (o, I-A)"'b ] (4)
and
I. INTRODUCTION
) . . . . K2:[y17 ) yT]
In this paper, we consider a single-input/single-output - 1 - "

(SISO) linear time invariant (LTI) syste# (s) given in state = [(011 —A) e e (G- AT c} ®)
space form as: and let

Hs) - { x(t) = Ax(t)+bu(t) ) Ki=V:R; and K, =W, R, ©

o y(t) = c"x(t), be biorthogonal-decompositions Kf; andKs, respectively,

, ) such thatR; and R, are upper triangular anWZVv, =1
where A € R"*" andb,c € R". x(t) € R" is the state (see [21]). Then, the reduced-modHl, (s) = cZ(sI, —
u(t) € R is theinput andy(t) € R is the outputof 5 -1y, “is obtained by projection as in (3) usingy,
HT(S)' The Erlansfer function of(s) is given by H(s) = gnqv in (6). H,(s) interpolatesH(s) together with its
c’ (sI—A)~"b. Both the underlying dynamical system andf.s¢ gerivative (first moment in the time domain) at the
its transfer function will be denoted B (s). selected interpolation pointéo;}7_,. This discussion can

In many applications, the system dimensiofs t00 largeé e generalized to allow interpolation of higher order mo-
for efficient simulation and control computation; see [15] foiyents/derivatives ofI(s) as well, see [10], [12], [1]. [8]
a recent collection of such benchmark problems. The goal gf,q references therein.

model reduction is, then, to produce a much smaller order Krylov-based model reduction as exemplified in [10], [7],

systemH,.(s) with state-space form: has become the method of choice for large-scale problems
. _ since it does not require any dense matrix operations;
H,(s) : { ;(7’(%) ;g’;&gt) +bru(t) (2) the same advantages enjoyed by the Arnoldi[2], Lanczos

[16], and rational Krylov methods [24]. This contrasts with
where A, € R"*", b, € R", andc, € R” (with r < n) Gramian-based model reduction approaches such as balanced

such that the reduced systdi.(s) will have approximately truncation [20], [19], optimal Hankel norm approximation [9]
the same response (output) as the original system to aﬂQd singular perturbation approximation [17]. Krylov-based
given inputu(t), i.e. y,(t) approximateg(t) well. model reduction has a computational complexity of order

) 3 . .
We construct reduced order models through projectiorq?(”r ) compared t00(n?) for gramian-based reduction.
That is, we construct matricég, € R™*" andW, € R"*" Moreover, Gugerciret al.[13] recently introduced a strategy

such thatW7V, = I, and the reduced order modH, (s) for selecting qptimal interpolation points for Krylov-based
in (2) is then obtained as model reduction.

A, = WTAV,, b, = Wb, and < =cTV,. (3) [1l. INEXACT KRYLOV-BASED MODEL REDUCTION
Krylov-based model reduction methods presume that the
The corresponding oblique projector is given W, V7. linear systemgo,;I — A)x; = b and (5;1 — AT)y;, = ¢
are solved exactly or nearly so, up to limits associated with
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solvers for the linear systenfvl, — A)x = b can be- Remark 1:The interpolation/response error @t may be
come infeasible and iterative methods that terminate witbxpressed as
approximate solutions must be employed. In this section, we 5be
examine the perturbative effects of employing approximate [l6b; || ~cT(ajIn -A) (1, -P,) L,
solutions in (4) and (5) on the final reduced model. 1B
For simplicity, we first consider one-sided Krylov-basedyjiowing one to isolate the effect of the residual norm,
ooy ot oy, O 86 . The exression o, — A)HE ~Pr) =
wr = Vo -1 _ v —-1yT i
with VIV, = I,. The reduced model is obtained via an (o;1n _é) _VT(UjI’”: Ar) VT} has size related to
orthogonal projectiodI, = V, VT as how well V.. (o1, — A,)~ "V approximatego, I, — A)~',
which in turn is associated to the quality of the Ritz
A, =V/AV,, b, =V]b, ¢/ =c"V,. (7) approximationV,A, VT to A. If V, generates a good
Ritz approximation toA then the interpolation error may
be small (independent af) even when the residual norms
are not. This depends to a great extent on the selection
db; = (0;I-A)x; —b (8) of interpolation pointsc; and leads to the observation
that for a good selection of interpolation points, Krylov-
based model reduction can be expected to be robust with

Let X, be an inexact solution to thg'" linear system
(o;1— A)x; = b giving rise to a residuadb;,

The associated solution error is

0%, =X, —x; = (0,1 — A)"16by, (9) respect to the magnitude of residual norms. On the other
o o hand, if interpolation points are poorly selected, even small
and the resulting inexact Krylov matrix is magnitude residuals can produce a magnified effect through

K=K, + [Ox1, -, %] (10) the_z model reduction process. Numerical examples in Section
V illustrate these observations.

Then, theinexactKrylov-based reduced model will be ob-

tained as in (7), but in this case, using an orthogonal basi8, Backward error

V. generated fronK: The interpolation error resulting from inexact solves can

K=V,R with VIV,=I,. (11) be viewed as producing perturbations of the original system.
. . . At each interpolation pointg;, H,(s) will interpolate a
The reduced modeH, (s) = €/ (sI, — A,)"'b, is then nearby system having the same state mafxixthe same
obtained from state-to-output matrix”, but a perturbed input-to-state ma-

A, =VTAV,, b, =V™b, &7 =c"V,. (12 MXb+ob. , _
Lemma 3.2:Let V,. be an orthonormal basis for an inex-
A. Interpolation Error act Krylov basis as described in (10) and (11) which yields a
Inexactness in the solution of the linear systems produc&@duced order model as in (12). Then, for egch 1,...,r

a computed reduced order transfer functiﬁl,,(s) that no

longer interpolatesH(s) at the points{o;}._,. That is,

the reduced order system response will no longer exactyjhere HUl(s) = ¢ (sI,, — A)~!(b + Ab;) is the transfer

match the true system responsg @f},_,. We may associate fynction of a perturbed systenyb; and P, are defined as

the response error at the interpolation points with residuajg | emma 3.1.

produced by |.nexagt solves. _ _ Remark 2:Just as for the interpolation error, the backward
Lemma 3.1:Let V.. be an orthonormal basis for an inéx-grror Ab ; will be small either if the residual norms are small

act Krylov basis as described in (10) and (11) which theg; jf the'resulting Ritz approximation oA is good.
yields a reduced order model as in (12). The response error

ato; is H,(0;) —H(o;) = c”(0;1, — A)"'Ab;, where for ¢ The two-sided case
j= 1,...,r, Ab] = (I" —Pr)(Sbj and

H, (0;) = HY(0)) (14)

For two-sided projections as in (3), similar but stronger

P, = (0L, — A)\Afr(ajIT - KT)‘l\Af,T (13) estimates can be made. Suppose that the dynamical system
, , ~ H(s) = b(sI—-A)~'b is given and- interpolation pointsr;,
IS aASkiW projector ontoRan(o;I, — A)V, along ; _ 1 ' for Krylov-based model reduction. Exact Krylov
Ran(V,)>. reduction is applied by constructing biorthogonal bases for

F:rogf; From (8),%; = (0,1, — A)~'(b ‘thBJg and since  the two matrix Krylov subspack; andK, defined in (4)
V. ViR, = X;, alsox; = V., (o;1, — A;)" Vi (b+6bj).  and (5), respectively.

Premultiplying by ¢” and rearranging gives the first o the jnexact Krylov setting, let (8)-(10) hold as for the

conclusion. ThatP? = P, can be verified directIAy. Thus, gne sided case Wwith, . ....o, and define
P.isa projectorxvithRan(Pr)A: Ran(c;I, —A)V, and R
Ker(P,) = Ker(VL) = Ran(V,)™". B K :=[oI-A)"'b+éxy, -+, (o, I-A)"'b+0x,].

(15)



Similarly, let y; be an inexact solution for thg'" linear V. OPTIMAL APPROXIMATION BY KRYLOV PROJECTION

B o o e ) ) _ i _ _ _ _
system(a;1 — A™)y; = c with an associated residuéd;: The lack of criteria for selection of interpolation points and

the lack of a guarantee on globalk and H,, performance

of the resulting reduced model have been the main prior
disadvantages of Krylov-based model reduction. Recently,
however, Gugerciret al. [13] have shown that an optimal
shift selection strategy exists for the optinfgh approxi-
mation problem, and proposed an lterative Rational Krylov
Algorithm (IRKA ) for model reduction that exploits it. We
briefly review this method and then discuss how inexact

(;1— AT)@j —c= 6c;‘-F (16)
Analogous to the one-sided case, define
Sy; =y; —y; = (;1— AT) téc,, (17)

and a second inexact Krylov matriX, as

K, — [(o — AT) e + by, solves can be effectively employed in that setting.
o, (I - AT e+ Sy, . (18) A Iterative Rational Krylov Algorithm for Optimét{y Ap-
proximation
A two-sided version of Lemma 3.1 is straightforward to Given ann'" order dynamical systerfI(s) = c” (sI —
show: A)~'b as in (1), the goal of optimak, apprOX|mat|on is

Lemma 3.3:Let V, and W, be biorthogonal bases for to find a stable-t" order reduced systeM,.(s) = cZ'(sI, —
K1 andKQ, respectively, defined as in (15) and (18) with theA,,.)~ b, with r < n, such thatH, (s) minimizes theH,
propertyVTW = I,.. Define the computed reduced ordererror, i.e.
system byHT( )=cl(sI,—A,) 'bwith A, = WAV,

b, = WZb, andc? = cTV,. H,(s) = arg n(ﬂ}llr)l H(s) — H(s) ‘ (21)
The response error ab; is H,(o;) — H(o;) = ¢
Act (crJ » — A)"'Ab;, where forj = 1,...,r, Ab; = where
(I )5b] and ACJ' = (In — Qr) 5Cj. +o0 1/2
i v Etl o= ([ HGu) P aw)
P, = (0,1, — A)V, (0,1, — A,)"'WT (19) -

Many researchers have worked on this problem; see [27],
is a_skew projector ontoRan(s;I, — A)V, along [25]. [6], [18], [14], [26] and references therein. Since ob-
Ran(W )L _tammg_a global minimum is a hard task, the g_eneral _approach

is to find a reduced-order model that satisfies first-order
Q, = {}T(Uj:[r _ Kr)_l\/ﬂ\’f(ajln —A) (20) conditions for (21). The main drawback of such methods
is that they require solving large-scale Lyapunov equations
is a skew projector ontd%an(\A/',,) along Ran((571, — (po;sibly.many of them) and dense matrix operatipns such
AT)\/A\TT) L as inversion. T_hese_ approach_es rapidly become_ intractable
as the dimension increases in large-scale settings. Based
on a result of Meier and Luenberger [18], Gugereinal.
[13] proposed a Krylov-baseH, approximation method that
Sc T b does not require the solution of any Lyapunov equations:
oc, ” T M(o;L, — A)Mjm’ Theorem 1:Let H, (s) solve the optimalt, problem and
let \; denote the eigenvalues &, i.e. \; are the Ritz
values. Assume (for simplicity) thaA,. is nonderogatory.
ihen, the first-order necessary conditions For optimality

Remark 3:The interpolation/response error@at may be
rewritten as

151 - f[oe;] -

where M, = [(o—jln — A =V, (01, — A,)TWT.
As before, the size of the interpolation error is relate
not only to the magnitude of the residual normgb; || .
and ||dc;]|, but also to how wellV, (0,1, — A,)"'WZT CLH(S) = —_H,(s) . k=0,1. (22
approximategc;1I, — A)~!, which in turn is assomated to  ds* s=—A; * s=—X;
the quality of the Galerkin approximatiow, A, W to A. Theorem 1 states th&&, (s) has tointerpolate H(s) and
The quadratic character of the error is an added feature i3 first derivative at the mirror images of the Ritz values.
this case. Thus, first-order conditions are given in the framework of
Remark 4:We have assumed that the same interpolatioimterpolation. The method of Gugercet al. [13] produces
points were used to generate both left and right modeling reduced order moddi,.(s) satisfying the interpolation-
spaces. In general, one may chose left and right interpolati®ased first-order necessary conditions of (22) and exploiting
points independently, however the cost of generating thtae connection between the Krylov-based reduction and
reduced order model is likely to double and one loses thaterpolation. But since the optimal interpolation points of
quadratic character of the interpolation bound in Lemma 3.322) depend on the final reduced model and are not known
Remark 5:0ne may derive backward error expressions priori, [13] uses rational Krylov steps to iteratively correct
similar to what was found for one-sided projections. the reduced-order mod&I,.(s) so that the next (corrected)




reduced-order model interpolates the full-order model at mi: increases, the solut|om ) of the linear systemJ(k)I —
rored Ritz values-);(A,.) from the previous reduced-order A)x(*) = b from the kth step become very close to the
model. This continues until Ritz values from consecutlv%o|ut|onx<k+1) of the linear systemg(k“)l A)xETD =
reduced-order models stagnate. Below, we give a sketch pf at thej(k + 1)t step. This suggests that |hIRKA

this algorithm: one use the solutiox!”) as an initial guess in solving
. Algorithm 1: [13] An lterative Rational Krylov Algo- (o_(k+1)I_A)X(k+1) — b in the next step. Due to observed
rithm (IRKA): o ) . raf)id convergejnce [13] of the exact-Krylov based algorithm
1) Make an initial shift selection; fori =1,...,r IRKA , one may anticipate a speed-up of the iterative solves
2) W= [ @I A") e, (I - AT) e ] in passing from step to step. In the outline of the resulting
3) V=[(onI-A)"'b,--- (0;I-A)"'b | algorithm, the functorf(A, b, o, %o, €) denotes an iterative
4 W=WW'V)"" (to makeW'V =1,) solve for the linear systerfvI — A)x = b with an initial
5) while (not converged) ?UGSSXO and a relative residual termination tolerance
a) A-'r‘ — WTAV’ db ” < and ”ﬁCTlH S
b) o, — —N(A,) fori=1,...,r
o) W= [GI-A)Tc,--,(7;1- A)"TcT] C. Effect of Inexact Solves in thdRKA Setting
d) V= (oI }A)’;b, (ol — AT)flb ] A crucial question in thé-IRKA setting is how much the
e) W=W(W7V)"" (o makeW"V =1,) resulting optimal model obtained vialRKA (denoted by
6) A, = WTAV, b, = Wb, ¢! =c’V H;_1rka) Will deviate from one obtained VitRKA (de-

Upon convergencdRKA produces a reduced-order modelnoted byHrk a ). As we discussed in Section I, for a good
H, (s) that satisfies the desired interpolation conditions (22kelection of interpolation points, Krylov-based reduction is
. . . robust with respect to perturbations due to inexact solves.
B. Inexact-lterative Rational Krylov Algorithm-(RKA ) Hence, if one feeds the resulting optimal interpolation points
The main cost in a step 8RKA is dominated by solving from IRKA into I-IRKA , we expect thaH;_rka Will be
2r large linear systems. IlRKA converges aftek steps close toHirk . However, the final interpolation points are
then one will need to solve a total @f-k linear systems. not known initially andl-IRKA must inevitably be started
In cases where the system dimensions on the order of with a nonoptimal initial shift selection. At the early stages of
millions, iterative linear system solvers become necessatlye iteration, if the initial shift selection is poor, perturbations
and inexact solves must then be incorporated WREA . due to inexact solves might be magnified by this poor shift

We will refer to the resulting model reduction method aselection as discussed in Section lIl. Therefore, one can
the Inexact-lterative Rational Krylov Algorithml-(RKA )  prevent this from happening by using a small termination
for optimal H, approximation. thresholde in the early steps oEIRKA , and then gradually
Algorithm 2: An Inexact Iterative Rational Krylov Al- increaser as the iteration starts to converge, i.e. as {bg
gorithm (I-IRKA): starts to converge to an optimal shift selection. Notably,
1) Make an initial shift selectiow; for i =1,...,r in all of our numerical experiments using random initial
2) fori=1,...,r interpolation points]-IRKA performed very efficiently and
a) xo=0 yielded a reduced mod&I;_1rxa Very close tOHI_R.K{* in.
b) x; = f(A,b,0y,%o,€) both th_eHg and H,, sense. Several effectllve _|n|t|aI|zat|on
c) yi = £ (AT, cT, 05, %0, €) strategies were proposed ftRKA and studied in [13].
3) W=1[y, o --vs U] Remark 6:We have elso etud|ed in some detail conse-
4) V=[x, Xas -0; % ] guences related to the iterative solution of linear systems in
1 25 ) T

the context ofl-IRKA , such as preconditioning, effective
restart strategies, and system response-based termination
criteria. We omit them in this document because of space
constraints. They will be included in the full paper. For
example,

1) Since each linear system is in the form(el— A)x =
b, the shift invariance of Krylov subspaces provides

5 W=WWTV)"T (to makeW’V =1,)
6) while (not converged)
a) A, = WTAV,
b) g; «— —)\1(A7‘) for i = 1,...,r
c) fori=1,...,r
i) x; =f(A,b,04,%;,€)

i) yi = £ (AT, ", 00, 9i.€) advantages to Krylov solvers such as GMRES, MIN-
d W=y, y2, -’ yr | RES, and SYMMLQ since one need only generate a
e) V=[x, x2, ..., X |. single Krylov subspace and use this single subspace,
) W=WW"V)"" (to makeW’'V =1,) for all linear systems. Restarts and preconditioning
7) A, =WTAV, b, =W'b, cl' =’V complicate the picture, however, since shift invariance
As discussed in [13], in most cas&3KA shows rapid is lost.
convergence behawor that is, the interpolation points at the 2) In the model reduction setting, we are not interested in
Eth step {a } stagnate rapidly with respect th. This the particular solution vectors,;, so much as the sub-

observatlon leads to the following important observation: As space thaf{x;};_, span. This suggests that one could



afford a less accurate solution f&r if this direction is  error in some of the computed first moments are on the

already included in the subspagean{x,...,%;_1}. order of 1072. This is again due to the fact that the
3) One can exploit the fadio; } is rapidly convergent in error ||(0;1,, — A)~! — V(o;1, — AT)—lvT is large due

order to construct effective preconditionerségi—A. o poor shift selection and this magnifies the residual error

Sinceaj(.k“) converges tof](.k“), one may choose to ||5b,|.

re-use the preconditioner from a previous step.

These considerations will be discussed and several numerical Bode Plots of H(s), H () (IRKA), and H () (I-IRKA)
experiments will be presented in detail in the full paper. ‘ ‘ ‘ ‘ ‘ ‘ ‘

V. EXAMPLES: A SEMI-DISCRETIZEDHEAT TRANSFER
PROBLEM FOROPTIMAL COOLING OF STEEL PROFILES

This problem arises during a cooling process in a rolling
mill and is modeled as boundary control of a two dimensional
heat equation. A finite element discretization results in a
descriptor system of the form

Ex(t) = Ax(t) + Bu(t), y(t)=c"x(t).

where A,E € R™", B € R"™7, C e R®" with n
depending on the maximum mesh width,,... We con-

sider the full-order SISO system relating the sixth input of 0Lt T
this system to the second output. Note that in this case ey adsegy
E # 1, is a positive definite matrix, and the previous

discussion is still applicable replacimd by ¢E and making Fig. 1. Bode Plots foH(s), Hi(s), andHz(s)

obvious modifications. For details regarding the modelling,
discretization, optimal control design, and model reduction,
see [23], [4], [5]. We consider two different cases. In one
case, wmax = 1.3820 x 1072 resulting inn = 20,209 T \
and in the other case,.x = 6.9100 x 10~2 resulting in Relativg error
n=7179,841.

Errors in the computed first-moments
T T

A. Case L., = 1.3820 x 1072 and n = 20, 209

We compare exact Krylov reduction with inexact Krylov
reduction by reducing the order to= 6 for both poor and
good shift selections. As can be seen from the Bode plot of
original modelH(s) in Figure 1,0; = logspacé—8, —4,6)
is a bad selection of interpolation points since this selection
omits a dominant part of the frequency range. The resulting
sixth order models obtained by exact Krylov and inexact
Krylov reduction are denoted bH;, (s) and Hy(s) respec-

Error

tively. The inexact case uses GMRES with relative residual "o 107 10° 10° 10°
. . . a

termination tolerance of x 10~°. Amplitude Bode plots of

H(s), Hi(s) andH;(s) are shown in Figure 1 below. Figure Fig. 2. Computed first and second moments

1 reveals two facts: First of all, botH;(s) and Hy(s) are
poor approximations due to poor selectionegf But more

importantly within the context of this pape(s) deviates Next, we use six interpolation points obtained from run-

ning IRKA on this model [13]; we use an optimal shift

from significantly fromH; (s) as well. This is exactly what . .
i A - . selection. We perform the same operations as above and
we expected: Poor selection @f magnifies the error coming . .
reduce the order te = 6. In this case, we use a higher

from inexact solves and inexact Krylov reduction deviates

) error tolerance value df x 10~* for GMRES. The resulting
from exact Krylov reduction. The exatt., error norms are : :
given below: Bode plots, and relative and absolute errors in the computed

moments are shown in Figures 3 and 4, respectively. Figure
[H — Hy |3 =218 x 1073 ||[H — Hy |5 = 2.42 x 1073, 3 reveals that not only thaH; (s) and Hx(s) are good
[H, — Hollp_ = 9.18 x 1074, approximation toH(s), bu_t also they do not _dlffer frqm _
each other. The reason is that since the shift selection is
Relative and absolute errors in the computed first anglood (optimal), the model reduction error doext magnify
second moments due to inexact solves are depicted in tAe perturbation due to inexact solves. This resultEi{s)
Even with a relative error tolerance ofx 10~°, the relative being very closeH (s). The exactH,, error norms in this



case are and Ho(s) (due toI-IRKA ) are shown in Figure 5. The

5 first observation is that botH; (s) and Hy(s) matchH(s)

H — Hy %, = [H—Ha[lp, =156 x 107, very well, indicating once more the effectiveness of model
|H; — Hallp, =1.82x107°. reduction with interpolation at the mirror images of the

. Ritz values.The second observation is thif almost
We note that these smaller error numbers are achieved even 1(s)

with a relaxed error tolerance in GMRES. Figure 4 illustrat erfectly replicated (s); inexact solves do not degrade the

the same result for the moments as well. Both relative an(qqaI optimal reduced model even for a random initial shift

) . election.The H, error between the two reduced models is
absolute error are much smaller in this case. These examp _5
1(8) — H2(S)||Hoo =3.01 x 107".

support our expectations and discussion that Krylov-bas To speed-ug-IRKA , we used solution vectors from one
reduction is robust with respect to inexact solution residualst S ' : .
Step as an initial guess for the linear system in the next

when interpolation points are good. step as proposed in Section IV-B. The lower-plot in Figure 5
Bode Plts of H(E), H_(9) (RKA), and H (5) (RK) shows the total number of GMRES steps required to compute

w0 i B : V., and W, at each step oFIRKA , i.e., the total number

of GMRES steps needed to solve tBe linear systems.

This figure clearly illustrates that the approach works very

effectively at reducing the computational cost considerably

at each iteration.

The important point of this example is the following: Until
now, no reliable shift selection strategy was known for the
rational Krylov algorithm; shift selection was generalig
hoc Here, for a system of order = 79,841, our algorithm
effectively and efficiently searches for an optimal shift se-
lection and, consequently yields, at least, a locally optimal
reduced order model with no tuning or user intervention.

10" . . . .
3 107 107 10° 10 ~ Bode plots of H(s), H_1(s) (IRKA} and H_2(s) (I-IRKA)
frequency (rad/sec) 10 T T T ™ ™ T T T

Fig. 3. Bode Plots foH(s), Hi(s), andHz(s)

Errors in the computed first-moments
T

10 T T
: 10° 107 10° 10° 10" 10° 10 10" 10° 10
Relative error frequency (radisec)
107+ - / coe Total Number of GMRES steps at the k ™ Iteration
ug.i % 150 1
10 Absolute error § a
§ 100 q
-20 L I L 1 L Q
10 s
10° 107 107 107 107 10° 10 ; sk |
Errors in the computed second-moments g
10° T T T T z o i i i i . i i
Relative error 0 2 4 6 8 Ile’aﬂégmdex 12 14 16 18 20
10° | 4
g Fig. 5. IRKA vsI-IRKA
Wt Absolute error i
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