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Abstract— We investigate the use of inexact solves in a
Krylov-based model reduction setting and present the resulting
perturbation effects on the underlying model reduction prob-
lem. We show that for a good selection of interpolation points,
Krylov-based model reduction is robust with respect to the
perturbations due to inexact solves. On the other hand, when
the interpolation points are poorly selected, these perturbations
are magnified through the model reduction process. Finally,
we incorporate inexact solves for the Krylov-based optimal
H2 approximation. The result is an effective optimal model
reduction algorithm applicable in realistic large-scale settings.

I. I NTRODUCTION

In this paper, we consider a single-input/single-output
(SISO) linear time invariant (LTI) systemH(s) given in state
space form as:

H(s) :
{

ẋ(t) = Ax(t) + bu(t)
y(t) = cT x(t), (1)

whereA ∈ Rn×n and b, c ∈ Rn. x(t) ∈ Rn is the state,
u(t) ∈ R is the input, and y(t) ∈ R is the output of
H(s). The transfer function ofH(s) is given by H(s) =
cT (sI−A)−1b. Both the underlying dynamical system and
its transfer function will be denoted byH(s).

In many applications, the system dimensionn is too large
for efficient simulation and control computation; see [15] for
a recent collection of such benchmark problems. The goal of
model reduction is, then, to produce a much smaller order
systemHr(s) with state-space form:

Hr(s) :
{

ẋr(t) = Arxr(t) + bru(t)
yr(t) = cT

r x(t), (2)

whereAr ∈ Rr×r, br ∈ Rr, and cr ∈ Rr (with r ¿ n),
such that the reduced systemHr(s) will have approximately
the same response (output) as the original system to any
given inputu(t), i.e. yr(t) approximatesy(t) well.

We construct reduced order models through projection.
That is, we construct matricesVr ∈ Rn×r andWr ∈ Rn×r

such thatWT
r Vr = Ir and the reduced order modelHr(s)

in (2) is then obtained as

Ar = WT
r AVr, br = WT

r b, and cT
r = cT Vr. (3)

The corresponding oblique projector is given byWrVT
r .
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II. K RYLOV-BASED MODEL REDUCTION

Given a set of interpolation points{σi}r
i=1, Krylov-based

model reduction requires solving the linear systems(σjI −
A)xj = b, and(σjI−AT )yj = c for j = 1, . . . , r and com-
puting orthogonal bases for the subspaces span{x1, · · · , xr}
and span{y1, · · · , yr}. Define the Krylov matrices:

K1 = [ x1, · · · xr ]
=

[
(σ1I−A)−1b, · · · , (σrI−A)−1b

]
(4)

and

K2 = [ y1, · · · , yr ]
=

[
(σ1I−AT )−1c, · · · , (σrI−AT )−1c

]
(5)

and let
K1 = VrR1 and K2 = WrR2 (6)

be biorthogonal-decompositions ofK1 andK2, respectively,
such thatR1 andR2 are upper triangular andWT

r Vr = I
(see [21]). Then, the reduced-modelHr(s) = cT

r (sIr −
Ar)−1br is obtained by projection as in (3) usingWr

and Vr in (6). Hr(s) interpolatesH(s) together with its
first derivative (first moment in the time domain) at the
selected interpolation points{σj}r

j=1. This discussion can
be generalized to allow interpolation of higher order mo-
ments/derivatives ofH(s) as well, see [10], [12], [1], [8]
and references therein.

Krylov-based model reduction as exemplified in [10], [7],
has become the method of choice for large-scale problems
since it does not require any dense matrix operations;
the same advantages enjoyed by the Arnoldi[2], Lanczos
[16], and rational Krylov methods [24]. This contrasts with
Gramian-based model reduction approaches such as balanced
truncation [20], [19], optimal Hankel norm approximation [9]
and singular perturbation approximation [17]. Krylov-based
model reduction has a computational complexity of order
O(nr2) compared toO(n3) for gramian-based reduction.
Moreover, Gugercinet al. [13] recently introduced a strategy
for selecting optimal interpolation pointsσi for Krylov-based
model reduction.

III. I NEXACT KRYLOV-BASED MODEL REDUCTION

Krylov-based model reduction methods presume that the
linear systems(σjI − A)xj = b and (σjI − AT )yj = c
are solved exactly or nearly so, up to limits associated with
machine accuracy. Often direct methods such as sparse-
LU factorization are used. Since the need for more detail
and accuracy in the modeling stage can drive the system
dimension,n, to the order of millions, the use of direct



solvers for the linear system(σIn − A)x = b can be-
come infeasible and iterative methods that terminate with
approximate solutions must be employed. In this section, we
examine the perturbative effects of employing approximate
solutions in (4) and (5) on the final reduced model.

For simplicity, we first consider one-sided Krylov-based
reduction of H(s) = cT (sI − A)−1b. Hence, only ap-
proximate solutions to (4) are used and in (3),Wr = Vr

with VT
r Vr = Ir. The reduced model is obtained via an

orthogonal projectionΠr = VrVT
r as

Ar = VT
r AVr, br = VT

r b, cT
r = cT Vr. (7)

Let x̂j be an inexact solution to thejth linear system
(σjI−A)xj = b giving rise to a residualδbj ,

δbj = (σjI−A)x̂j − b (8)

The associated solution error is

δxj := x̂j − xj = (σjI−A)−1δbj , (9)

and the resulting inexact Krylov matrix is

K̂ := K1 + [δx1, · · · , δxr] . (10)

Then, theinexact Krylov-based reduced model will be ob-
tained as in (7), but in this case, using an orthogonal basis,
V̂r generated from̂K:

K̂ = V̂rR̂ with V̂T
r V̂r = Ir. (11)

The reduced model̂Hr(s) = ĉT
r (sIr − Âr)−1b̂r is then

obtained from

Âr = V̂T
r AV̂r, b̂r = V̂T

r b, ĉT
r = cT V̂r. (12)

A. Interpolation Error

Inexactness in the solution of the linear systems produces
a computed reduced order transfer function,Ĥr(s) that no
longer interpolatesH(s) at the points{σi}r

i=1. That is,
the reduced order system response will no longer exactly
match the true system response at{σi}r

i=1. We may associate
the response error at the interpolation points with residuals
produced by inexact solves.

Lemma 3.1:Let V̂r be an orthonormal basis for an inex-
act Krylov basis as described in (10) and (11) which then
yields a reduced order model as in (12). The response error
at σj is Ĥr(σj)−H(σj) = cT (σjIn−A)−1∆bj , where for
j = 1, . . . , r, ∆bj = (In −Pr) δbj and

Pr = (σjIn −A)V̂r(σjIr − Âr)−1V̂T
r (13)

is a skew projector ontoRan(σjIn − A)V̂r along
Ran(V̂r)⊥.
Proof: From (8), x̂j = (σjIr − A)−1(b + δbj) and since
V̂rV̂T

r x̂j = x̂j , alsox̂j = V̂r(σjIr − Âr)−1V̂T
r (b + δbj).

Premultiplying by cT and rearranging gives the first
conclusion. ThatP2

r = Pr can be verified directly. Thus,
Pr is a projector withRan(Pr) = Ran(σjIn −A)V̂r and
Ker(Pr) = Ker(V̂T

r ) = Ran(V̂r)⊥.

Remark 1:The interpolation/response error atσj may be
expressed as

‖δbj‖ · cT (σjIn −A)−1 (In −Pr)
δbj

‖δbj‖ ,

allowing one to isolate the effect of the residual norm,
‖δbj‖. The expression (σjIn − A)−1 (In −Pr) =[
(σjIn −A)−1 − V̂r(σjIr −Ar)−1V̂T

r

]
has size related to

how well V̂r(σjIr−Ar)−1V̂T
r approximates(σjIn−A)−1,

which in turn is associated to the quality of the Ritz
approximationV̂rArV̂T

r to A. If V̂r generates a good
Ritz approximation toA then the interpolation error may
be small (independent ofc) even when the residual norms
are not. This depends to a great extent on the selection
of interpolation pointsσj and leads to the observation
that for a good selection of interpolation points, Krylov-
based model reduction can be expected to be robust with
respect to the magnitude of residual norms. On the other
hand, if interpolation points are poorly selected, even small
magnitude residuals can produce a magnified effect through
the model reduction process. Numerical examples in Section
V illustrate these observations.

B. Backward error

The interpolation error resulting from inexact solves can
be viewed as producing perturbations of the original system.
At each interpolation point,σj , Ĥr(s) will interpolate a
nearby system having the same state matrixA, the same
state-to-output matrixcT , but a perturbed input-to-state ma-
trix b + δbj .

Lemma 3.2:Let V̂r be an orthonormal basis for an inex-
act Krylov basis as described in (10) and (11) which yields a
reduced order model as in (12). Then, for eachj = 1, . . . , r

Ĥr(σj) = H[j](σj) (14)

whereH[j](s) = cT (sIn −A)−1(b + ∆bj) is the transfer
function of a perturbed system,∆bj andPr are defined as
in Lemma 3.1.

Remark 2:Just as for the interpolation error, the backward
error∆bj will be small either if the residual norms are small
or if the resulting Ritz approximation ofA is good.

C. The two-sided case

For two-sided projections as in (3), similar but stronger
estimates can be made. Suppose that the dynamical system
H(s) = b(sI−A)−1b is given andr interpolation pointsσi,
i = 1, . . . , r for Krylov-based model reduction. Exact Krylov
reduction is applied by constructing biorthogonal bases for
the two matrix Krylov subspaceK1 andK2 defined in (4)
and (5), respectively.

For the inexact Krylov setting, let (8)-(10) hold as for the
one sided case withσ1, . . . , σr and define

K̂1 :=
[
(σ1I−A)−1b + δx1, · · · , (σrI−A)−1b + δxr

]
.

(15)



Similarly, let ŷj be an inexact solution for thejth linear
system(σjI−AT )yj = c with an associated residualδcj :

(σjI−AT )ŷj − c = δcT
j (16)

Analogous to the one-sided case, define

δyj := ŷj − yj = (σjI−AT )−1δcj , (17)

and a second inexact Krylov matrix̂K2 as

K̂2 :=
[
(σ1I−AT )−1c + δy1,

· · · , (σrI−AT )−1c + δyr

]
. (18)

A two-sided version of Lemma 3.1 is straightforward to
show:

Lemma 3.3:Let V̂r and Ŵr be biorthogonal bases for
K̂1 andK̂2, respectively, defined as in (15) and (18) with the
propertyV̂T

r Ŵr = Ir. Define the computed reduced order
system byĤr(s) = cT

r (sIr−Ar)−1b with Ar = WT
r AVr,

br = WT
r b, andcT

r = cT Vr.
The response error atσj is Ĥr(σj) − H(σj) =

∆cT
j (σjIn − A)−1∆bj , where for j = 1, . . . , r, ∆bj =

(In −Pr) δbj and∆cj = (In −Qr) δcj .

Pr = (σjIn −A)V̂r(σjIr − Âr)−1ŴT
r (19)

is a skew projector ontoRan(σjIn − A)V̂r along
Ran(Ŵr)⊥.

Qr = V̂r(σjIr − Âr)−1ŴT
r (σjIn −A) (20)

is a skew projector ontoRan(V̂r) along Ran((σjIn −
AT )Ŵr)⊥.

Remark 3:The interpolation/response error atσj may be
rewritten as

‖δbj‖ · ‖δcj‖ ·
δcT

j

‖δcj‖Mj(σjIn −A)Mj
δbj

‖δbj‖ ,

where Mj =
[
(σjIn −A)−1 − V̂r(σjIr −Ar)−1ŴT

r

]
.

As before, the size of the interpolation error is related
not only to the magnitude of the residual norms,‖δbj‖
and ‖δcj‖, but also to how wellV̂r(σjIr − Ar)−1ŴT

r

approximates(σjIn −A)−1, which in turn is associated to
the quality of the Galerkin approximation̂VrArŴT

r to A.
The quadratic character of the error is an added feature in
this case.

Remark 4:We have assumed that the same interpolation
points were used to generate both left and right modeling
spaces. In general, one may chose left and right interpolation
points independently, however the cost of generating the
reduced order model is likely to double and one loses the
quadratic character of the interpolation bound in Lemma 3.3.

Remark 5:One may derive backward error expressions
similar to what was found for one-sided projections.

IV. OPTIMAL APPROXIMATION BY KRYLOV PROJECTION

The lack of criteria for selection of interpolation points and
the lack of a guarantee on globalH2 andH∞ performance
of the resulting reduced model have been the main prior
disadvantages of Krylov-based model reduction. Recently,
however, Gugercinet al. [13] have shown that an optimal
shift selection strategy exists for the optimalH2 approxi-
mation problem, and proposed an Iterative Rational Krylov
Algorithm (IRKA ) for model reduction that exploits it. We
briefly review this method and then discuss how inexact
solves can be effectively employed in that setting.

A. Iterative Rational Krylov Algorithm for OptimalH2 Ap-
proximation

Given annth order dynamical systemH(s) = cT (sI −
A)−1b as in (1), the goal of optimalH2 approximation is
to find a stablerth order reduced systemHr(s) = cT

r (sIr−
Ar)−1br with r < n, such thatHr(s) minimizes theH2

error, i.e.

Hr(s) = arg min
deg(Ĥ)=r

∥∥∥ H(s)− Ĥ(s)
∥∥∥
H2

. (21)

where

‖H‖H2
:=

(∫ +∞

−∞
| H(w) |2 dw

)1/2

.

Many researchers have worked on this problem; see [27],
[25], [6], [18], [14], [26] and references therein. Since ob-
taining a global minimum is a hard task, the general approach
is to find a reduced-order model that satisfies first-order
conditions for (21). The main drawback of such methods
is that they require solving large-scale Lyapunov equations
(possibly many of them) and dense matrix operations such
as inversion. These approaches rapidly become intractable
as the dimension increases in large-scale settings. Based
on a result of Meier and Luenberger [18], Gugercinet al.
[13] proposed a Krylov-basedH2 approximation method that
does not require the solution of any Lyapunov equations:

Theorem 1:Let Hr(s) solve the optimalH2 problem and
let λ̂i denote the eigenvalues ofAr, i.e. λ̂i are the Ritz
values. Assume (for simplicity) thatAr is nonderogatory.
Then, the first-order necessary conditions forH2 optimality
are

dk

dsk
H(s)

∣∣∣∣
s=−λ̂i

=
dk

dsk
Hr(s)

∣∣∣∣
s=−λ̂i

, k = 0, 1. (22)

Theorem 1 states thatGr(s) has tointerpolateH(s) and
its first derivative at the mirror images of the Ritz values.
Thus, first-order conditions are given in the framework of
interpolation. The method of Gugercinet al. [13] produces
a reduced order modelHr(s) satisfying the interpolation-
based first-order necessary conditions of (22) and exploiting
the connection between the Krylov-based reduction and
interpolation. But since the optimal interpolation points of
(22) depend on the final reduced model and are not known
a priori, [13] uses rational Krylov steps to iteratively correct
the reduced-order modelHr(s) so that the next (corrected)



reduced-order model interpolates the full-order model at mir-
rored Ritz values−λi(Ar) from the previous reduced-order
model. This continues until Ritz values from consecutive
reduced-order models stagnate. Below, we give a sketch of
this algorithm:

Algorithm 1: [13] An Iterative Rational Krylov Algo-
rithm (IRKA):

1) Make an initial shift selectionσi for i = 1, . . . , r
2) W =

[
(σ1I−AT )−1c, · · · , (σrI−AT )−1c

]
.

3) V =
[

(σ1I−A)−1b, · · · , (σrI−A)−1b
]

4) W = W(WT V)−T (to makeWT V = Ir)
5) while (not converged)

a) Ar = WT AV,
b) σi ←− −λi(Ar) for i = 1, . . . , r
c) W =

[
(σ1I−A)−T c, · · · , (σrI−A)−T cT

]
d) V =

[
(σ1I−A)−1b, · · · , (σrI−A)−1b

]
e) W = W(WT V)−T (to makeWT V = Ir)

6) Ar = WT AV, br = WT b, cT
r = cT V

Upon convergence,IRKA produces a reduced-order model
Hr(s) that satisfies the desired interpolation conditions (22).

B. Inexact-Iterative Rational Krylov Algorithm (I-IRKA )

The main cost in a step ofIRKA is dominated by solving
2r large linear systems. IfIRKA converges afterk steps
then one will need to solve a total of2rk linear systems.
In cases where the system dimensionn is on the order of
millions, iterative linear system solvers become necessary
and inexact solves must then be incorporated intoIRKA .
We will refer to the resulting model reduction method as
the Inexact-Iterative Rational Krylov Algorithm (I-IRKA )
for optimalH2 approximation.

Algorithm 2: An Inexact Iterative Rational Krylov Al-
gorithm (I-IRKA):

1) Make an initial shift selectionσi for i = 1, . . . , r
2) for i = 1, . . . , r

a) x0 = 0
b) xi = f (A,b, σi,x0, ε)
c) yi = f

(
AT , cT , σi,x0, ε

)

3) W = [ y1, y2, . . . , yr ]
4) V = [ x1, x2, . . . , xr ].
5) W = W(WT V)−T (to makeWT V = Ir)
6) while (not converged)

a) Ar = WT AV,
b) σi ←− −λi(Ar) for i = 1, . . . , r
c) for i = 1, . . . , r

i) xi = f (A,b, σi,xi, ε)
ii) yi = f

(
AT , cT , σi, yi, ε

)

d) W = [ y1, y2, . . . , yr ]
e) V = [ x1, x2, . . . , xr ].
f) W = W(WT V)−T (to makeWT V = Ir)

7) Ar = WT AV, br = WT b, cT
r = cT V

As discussed in [13], in most casesIRKA shows rapid
convergence behavior; that is, the interpolation points at the
kth step {σ(k)

j } stagnate rapidly with respect tok. This
observation leads to the following important observation: As

k increases, the solutionx(k)
j of the linear system(σ(k)

j I −
A)x(k) = b from the kth step become very close to the
solutionx(k+1)

j of the linear system(σ(k+1)
j I−A)x(k+1)

j =
b at the (k + 1)st step. This suggests that inI-IRKA ,
one use the solutionx(k)

j as an initial guess in solving

(σ(k+1)
j I−A)x(k+1)

j = b in the next step. Due to observed
rapid convergence [13] of the exact-Krylov based algorithm
IRKA , one may anticipate a speed-up of the iterative solves
in passing from step to step. In the outline of the resulting
algorithm, the functonf(A,b, σ,x0, ε) denotes an iterative
solve for the linear system(σI −A)x = b with an initial
guessx0 and a relative residual termination toleranceε:
‖δbj‖
‖b‖ ≤ ε and ‖δcj‖

‖c‖ ≤ ε.

C. Effect of Inexact Solves in theI-IRKA Setting

A crucial question in theI-IRKA setting is how much the
resulting optimal model obtained viaI-IRKA (denoted by
HI−IRKA) will deviate from one obtained viaIRKA (de-
noted byHIRKA). As we discussed in Section III, for a good
selection of interpolation points, Krylov-based reduction is
robust with respect to perturbations due to inexact solves.
Hence, if one feeds the resulting optimal interpolation points
from IRKA into I-IRKA , we expect thatHI−IRKA will be
close toHIRKA. However, the final interpolation points are
not known initially andI-IRKA must inevitably be started
with a nonoptimal initial shift selection. At the early stages of
the iteration, if the initial shift selection is poor, perturbations
due to inexact solves might be magnified by this poor shift
selection as discussed in Section III. Therefore, one can
prevent this from happening by using a small termination
thresholdε in the early steps ofI-IRKA , and then gradually
increaseε as the iteration starts to converge, i.e. as the{σi}
starts to converge to an optimal shift selection. Notably,
in all of our numerical experiments using random initial
interpolation points,I-IRKA performed very efficiently and
yielded a reduced modelHI−IRKA very close toHIRKA in
both theH2 andH∞ sense. Several effective initialization
strategies were proposed forIRKA and studied in [13].

Remark 6:We have also studied in some detail conse-
quences related to the iterative solution of linear systems in
the context ofI-IRKA , such as preconditioning, effective
restart strategies, and system response-based termination
criteria. We omit them in this document because of space
constraints. They will be included in the full paper. For
example,

1) Since each linear system is in the form of(σI−A)x =
b, the shift invariance of Krylov subspaces provides
advantages to Krylov solvers such as GMRES, MIN-
RES, and SYMMLQ since one need only generate a
single Krylov subspace and use this single subspace,
for all linear systems. Restarts and preconditioning
complicate the picture, however, since shift invariance
is lost.

2) In the model reduction setting, we are not interested in
the particular solution vectors,̂xj , so much as the sub-
space that{x̂j}r

i=1 span. This suggests that one could



afford a less accurate solution forx̂j if this direction is
already included in the subspacespan{x̂1, . . . , x̂j−1}.

3) One can exploit the fact{σj} is rapidly convergent in
order to construct effective preconditioners forσjI−A.
Sinceσ

(k+1)
j converges toσ(k+1)

j , one may choose to
re-use the preconditioner from a previous step.

These considerations will be discussed and several numerical
experiments will be presented in detail in the full paper.

V. EXAMPLES: A SEMI-DISCRETIZEDHEAT TRANSFER

PROBLEM FOROPTIMAL COOLING OF STEEL PROFILES

This problem arises during a cooling process in a rolling
mill and is modeled as boundary control of a two dimensional
heat equation. A finite element discretization results in a
descriptor system of the form

Eẋ(t) = Ax(t) + Bu(t), y(t) = cT x(t).

where A,E ∈ Rn×n, B ∈ Rn×7, C ∈ R6×n with n
depending on the maximum mesh widthwmax. We con-
sider the full-order SISO system relating the sixth input of
this system to the second output. Note that in this case
E 6= In is a positive definite matrix, and the previous
discussion is still applicable replacingσI by σE and making
obvious modifications. For details regarding the modelling,
discretization, optimal control design, and model reduction,
see [23], [4], [5]. We consider two different cases. In one
case,wmax = 1.3820 × 10−2 resulting in n = 20, 209
and in the other casewmax = 6.9100 × 10−3 resulting in
n = 79, 841.

A. Case 1:wmax = 1.3820× 10−2 and n = 20, 209

We compare exact Krylov reduction with inexact Krylov
reduction by reducing the order tor = 6 for both poor and
good shift selections. As can be seen from the Bode plot of
original modelH(s) in Figure 1,σi = logspace(−8,−4, 6)
is a bad selection of interpolation points since this selection
omits a dominant part of the frequency range. The resulting
sixth order models obtained by exact Krylov and inexact
Krylov reduction are denoted byH1(s) andH2(s) respec-
tively. The inexact case uses GMRES with relative residual
termination tolerance of1× 10−5. Amplitude Bode plots of
H(s), H1(s) andH2(s) are shown in Figure 1 below. Figure
1 reveals two facts: First of all, bothH1(s) andH2(s) are
poor approximations due to poor selection ofσ1. But more
importantly within the context of this paper,H2(s) deviates
from significantly fromH1(s) as well. This is exactly what
we expected: Poor selection ofσi magnifies the error coming
from inexact solves and inexact Krylov reduction deviates
from exact Krylov reduction. The exactH∞ error norms are
given below:

‖H−H1‖H∞ = 2.18× 10−3, ‖H−H2‖H∞ = 2.42× 10−3,

‖H1 −H2‖H∞ = 9.18× 10−4,

Relative and absolute errors in the computed first and
second moments due to inexact solves are depicted in 2.
Even with a relative error tolerance of1× 10−5, the relative

error in some of the computed first moments are on the
order of 10−2. This is again due to the fact that the
error

∥∥∥(σjIn −A)−1 −V(σjIr −Ar)−1V
T
∥∥∥ is large due

to poor shift selection and this magnifies the residual error
‖δbj‖.
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Next, we use six interpolation points obtained from run-
ning IRKA on this model [13]; we use an optimal shift
selection. We perform the same operations as above and
reduce the order tor = 6. In this case, we use a higher
error tolerance value of1×10−4 for GMRES. The resulting
Bode plots, and relative and absolute errors in the computed
moments are shown in Figures 3 and 4, respectively. Figure
3 reveals that not only thatH1(s) and H2(s) are good
approximation toH(s), but also they do not differ from
each other. The reason is that since the shift selection is
good (optimal), the model reduction error doesnot magnify
the perturbation due to inexact solves. This results inH2(s)
being very closeH1(s). The exactH∞ error norms in this



case are

‖H−H1‖H∞ = ‖H−H2‖H∞ = 1.56× 10−3,

‖H1 −H2‖H∞ = 1.82× 10−5.

We note that these smaller error numbers are achieved even
with a relaxed error tolerance in GMRES. Figure 4 illustrate
the same result for the moments as well. Both relative and
absolute error are much smaller in this case. These examples
support our expectations and discussion that Krylov-based
reduction is robust with respect to inexact solution residuals
when interpolation points are good.
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B. Case 2:wmax = 6.9100× 10−3 and n = 79, 841

We now illustrate the discussion of Section 2, and compare
IRKA with I-IRKA using the same model withn = 79, 841.

We reduce the order tor = 6 using IRKA and (I-
IRKA ) where each linear system is solved using GMRES
with a relative residual termination threshold of6 × 10−5.
Amplitude Bode plots ofH(s), H1(s) (due to IRKA ),

and H2(s) (due to I-IRKA ) are shown in Figure 5. The
first observation is that bothH1(s) andH2(s) matchH(s)
very well, indicating once more the effectiveness of model
reduction with interpolation at the mirror images of the
Ritz values.The second observation is thatH1(s) almost
perfectly replicatesH2(s); inexact solves do not degrade the
final optimal reduced model even for a random initial shift
selection.TheH∞ error between the two reduced models is
‖H1(s)−H2(s)‖H∞ = 3.01× 10−5.

To speed-upI-IRKA , we used solution vectors from one
step as an initial guess for the linear system in the next
step as proposed in Section IV-B. The lower-plot in Figure 5
shows the total number of GMRES steps required to compute
Vr andWr at each step ofI-IRKA , i.e., the total number
of GMRES steps needed to solve the2r linear systems.
This figure clearly illustrates that the approach works very
effectively at reducing the computational cost considerably
at each iteration.

The important point of this example is the following: Until
now, no reliable shift selection strategy was known for the
rational Krylov algorithm; shift selection was generallyad
hoc. Here, for a system of ordern = 79, 841, our algorithm
effectively and efficiently searches for an optimal shift se-
lection and, consequently yields, at least, a locally optimal
reduced order model with no tuning or user intervention.
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